Abstract. We define a hesitant fuzzy BCK/BCI-algebra and obtain some of its properties. Next, we introduce the concept of hesitant fuzzy ideal and obtain some of its properties and give some examples. Finally, we define a hesitant fuzzy positive implicative ideal, a hesitant fuzzy implicative ideal, a hesitant fuzzy commutative ideal and investigate some of its properties, respectively and their relations. In particular, we give characterizations of hesitant fuzzy positive implicative ideal, a hesitant fuzzy implicative ideal and a hesitant fuzzy commutative ideal, respectively.
Introduction
In 2010, Torra [21] introduced the notion of a hesitant fuzzy set which can consider as the generalization of fuzzy sets (Refer to [18, 20] ). After then, Jun et al. [8] studied hesitant fuzzy bi-ideals in semigroups. Xia and Xu [22] applied hesitant fuzzy set to decision making. Furthermore, Deepark and John [2] investigated hesitant fuzzy rough sets through hesitant fuzzy relations. Also They [3, 4, 5] studied homomorphisms of hesitant fuzzy subgroups, and hesitant fuzzy subrings and ideals. On the other hand, Alshehri and Alshehri [1] applied Hesitant anti-fuzzy soft sets to BCK-algebras. Jun and Ahn [7] studied hesitant ideals in BCK-algebras. Muhiuddin and Aldhafeeri [16] studied Subalgebras and ideals in BCK/BCI-algebras based on uni-hesitant fuzzy set theory. Rezaei and Saeid [17] introduced the notion of hesitant fuzzy filters, and obtained some of its properties and studied hesitant Fuzzy implicative filters in BE-algebras. Solariaju and Mahalakshmi [19] investigated hesitant intuitionistic fuzzy soft groups. Deepark and Mashinchi [6] studied hesitant L-fuzzy relations. Recently, Krishankumar et al. [?] . Kim et al [12] introduced the category HSet(H) consisting of all hesitant H-fuzzy spaces and all morphisms between them and studied HSet(H) in the sense of a topological universe. Also they [13] investigated hesitant fuzzy subgroups and rings.
In this paper, we define a hesitant fuzzy BCK/BCI-algebra and obtain some of its properties. Next, we introduce the concept of hesitant fuzzy ideal and obtain some of its properties and give some examples. Finally, we define a hesitant fuzzy positive implicative ideal, a hesitant fuzzy implicative ideal, a hesitant fuzzy commutative ideal and investigate some of its properties, respectively and their relations. In particular, we give characterizations of hesitant fuzzy positive implicative ideal, a hesitant fuzzy implicative ideal and a hesitant fuzzy commutative ideal, respectively (See Theorems 5.6, 5.17 and 5.24).
Preliminaries
In this section, we list some basic definitions and some properties needed in the next sections.
A BCK/BCI-algebra is an important class of logical algebras introduced by K. Iséki (see [10, 11] ) and was extensively investigated by several researchers.
An algebra (X; * , 0) is called a BCI-algebra, if it satisfies the following axioms: for any x, y, z ∈ X, (I) ((x * y) * (x * z)) * (z * y) = 0, (II) (x * (x * y)) * y = 0, (III) x * x = 0, (IV) x * y = 0, y * x = 0 ⇒ x = y. If a BCI-algebra X satisfies the following identity:
(V) 0 * x = 0, for each x ∈ X, then X is called a BCK-algebra.
Any BCK/BCI-algebra X satisfies the following conditions: for any x, y, z ∈ X, x * 0 = x, (2.1)
x ≤ y ⇒ x * z ≤ y * z, z * y ≤ z * x, (2.2) (x * y) * z = (x * z) * y, (2.3) (x * z) * (y * z) ≤ x * y, (2.4) where x ≤ y if and only if x * y = 0.
Any BCI-algebra X satisfies the following conditions (see [9] ): for any x, y, z ∈ X, x * (x * (x * y)) = x * y, (2.5) 0 * (x * y) = (0 * x) * (0 * y). (2.6) A BCK-algebra X is said to be positive implicative, if it satisfies the condition:
(∀x, y, z ∈ X)((x * y) * z) = (x * z) * (y * z)).
(2.7)
A BCK-algebra X is said to be implicative, if it satisfies the condition:
(∀x, y ∈ X)(x = x * (y * x)). (2.8)
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A BCK-algebra X is said to be commutative, if it satisfies the condition:
(∀x, y ∈ X)(x * (x * y) = y * (y * x)). (2.9) Definition 2.1 ( [12, 21] ). Let X be a reference set and let P [0, 1] denote the power set of [0, 1] . Then a mapping h : X → P [0, 1] is called a hesitant fuzzy set in X.
The hesitant fuzzy empty [resp. whole] set, denoted by h 0 [resp. h 1 ], is a hesitant fuzzy set in X defined as: for each x ∈ X,
In this case, we will denote the set of all hesitant fuzzy sets in X as HS(X).
(ii) we say that h 1 is equal to h 2 , denoted by
Definition 2.3 ([12]
). Let h 1 , h 2 ∈ HS(X) and let (h j ) j∈J ⊂ HS(X). Then (i) the intersection of h 1 and h 2 , denoted by h 1 ∩h 2 , is a hesitant fuzzy set in X defined as follows: for each x ∈ X,
(ii) the intersection of (h j ) j∈J , denoted by j∈J h j , is a hesitant fuzzy set in X defined as follows: for each x ∈ X,
(iii) the union of h 1 and h 2 , denoted by h 1 ∪h 2 , is a hesitant fuzzy set in X defined as follows: for each x ∈ X,
(iv) the union of (h j ) j∈J , denoted by j∈J h j , is a hesitant fuzzy set in X defined as follows: for each x ∈ X,
Definition 2.4 ([12]
). Let X be a nonempty set and let h ∈ HS(X). Then the complement of h, denoted by h c , is a hesitant fuzzy set in X defined as: for each
Definition 2.5 ([13]). Let h ∈ HS(X).
Then h is called a hesitant fuzzy point with the support x ∈ X and the value
is the mapping given by: for each y ∈ X,
We will denote the set of all hesitant fuzzy points in X as H P (X).
For any x λ , y µ ∈ H P (X), we say that x λ is equal to y µ , denoted by x λ = y µ , if x = y and λ = µ.
3 Definition 2.6 ( [13] ). Let h ∈ HS(X) and let x λ ∈ H P (X). Then x λ is said to be belong to h, denoted by
It is obvious that h = x λ ∈A x λ .
Hesitant fuzzy BCK-algebras
Definition 3.1. Let (X; * , 0) be a BCI/BCK-algebra and let h 1 , h 2 ∈ HS(X).
Then the hesitant fuzzy product of h 1 and h 2 , denoted by h 1 • h 2 is a hesitant fuzzy set in X defined as follows: for each x ∈ X, Table 3.1 Consider two hesitant fuzzy sets h 1 and h 2 defined as follows:
Then we can see that (h 1 • h 2 ) is a hesitant fuzzy set in X. Proposition 3.3. Let (X; * , 0) be a BCI/BCK-algebra, let h 1 , h 2 ∈ HS(X) and let x λ , y µ ∈ H P (X).
Proof.
(1) Let z ∈ X and suppose z = x * y . Then
The followings are immediate results of Proposition 3.3 (1).
Proposition 3.4. Let (X; * , 0) be a BCI/BCK-algebra. Then (H P (X), •) satisfies the followings: for any x, y, z ∈ X,
For a fixed λ ∈ P [0, 1], let [H P (X)] λ denote the set of all hesitant fuzzy points with the value in X. Then by Proposition 3.3 (1), we have the following results.
Proposition 3.5. Let (X; * , 0) be a BCI/BCK-algebra and let λ ∈ P [0, 1] be fixed.
•, 0 λ ) will be called a hesitant fuzzy pointwise BCI/BCKalgebra with the value λ induced by X.
For a BCK-algebra X, we define a binary relation ≤ on ([H P (X)] λ ; •, 0 λ ) as follows: for any x λ , y λ ∈ [H P (X)] λ , x λ ≤ y λ if and only if x λ • y λ = 0 λ .
Then we have the following results. 5
Theorem 3.6. Let (X; * , 0) be a BCK-algebra and let λ ∈ P [0, 1] be fixed. Then ([H P (X)] λ ; •, 0 λ ) is a hesitant fuzzy BCK-algebra if and only if it satisfies the followings: for any x, y, ∈ X,
Theorem 3.7. Let (X; * , 0) be a BCK-algebra. Then X is positive implicative if and only if for any x λ , y µ , z ν ∈ H P (X),
Proof. Suppose X is positive implicative and let x λ , y µ , z ν ∈ H P (X). Then by Proposition 3.3 (1),
The proof of the converse is easy.
The following is an immediate result of Theorem 3.7.
Corollary 3.8. Let (X; * , 0) be a BCK-algebra and let λ ∈ P [0, 1] be fixed. Then X is positive implicative if and only if [H P (X)] λ is positive implicative, i.e., for any
Theorem 3.9. Let (X; * , 0) be a BCK-algebra and let λ ∈ P [0, 1] be fixed. Then X is implicative if and only if [H P (X)] λ is implicative, i.e., for any
Proof. Suppose X is implicative and let
Theorem 3.10. Let (X; * , 0) be a BCK-algebra. Then X is commutative if and only if for any x λ , y µ ∈ H P (X),
Proof. Suppose X is commutative and let x λ , y µ , z ν ∈ H P (X). Then by Proposition 3.3 (1),
Since X is commutative, by (2.9), (x * y) * z = (x * z) * (y * z). Thus (3.9) holds. 6
The following is an immediate result of Theorem 3.11.
Corollary 3.11. Let (X; * , 0) be a BCK-algebra and let λ ∈ P [0, 1] be fixed. Then X is commutative if and only if [H P (X)] λ is commutative, i.e., for any
Hesitant fuzzy subalgebras and ideals
In what follows, let X denotes a BCK/BCI-algebra unless otherwise specified.
Definition 4.1 (See [7] ). Let h 0 = h ∈ HS(X). Then h is called a hesitant fuzzy subalgebra of X, if it satisfies the following condition:
It is clear that h 1 is a hesitant fuzzy subalgebra of X. Table 4 .1
Then we can easily see that h is a hesitant fuzzy subalgebra of X.
(2) Let X = {0, a, b, c} be the BCK-algebra given by Example 3.2. Let h be the hesitant fuzzy set in X given by:
The we can easily see that h is a hesitant fuzzy subalgebra of X. Theorem 4.3. Let X be a BCK-algebra and let h 0 = h ∈ HS(X). Then h is a hesitant fuzzy subalgebra of X if and only if it satisfies the following condition:
Proof. Suppose h is a hesitant fuzzy subalgebra of X and for any
Hence the condition (4.1) holds.
Conversely, suppose the necessary condition (4.1) holds and let x, y ∈ X. Let h(x) = λ and h(y) = µ. Then clearly, x λ , y µ ∈ h. Thus by the condition (4.1),
Hence h is a hesitant fuzzy subalgebra of X 7 Definition 4.4 (See [7] ). Let h 0 = h ∈ HS(X) and let λ ∈ P [0, 1]. Then the λ-level set of h, denoted by h λ , is a subset of X defined by:
It is obvious that either h λ = φ or h λ = φ. In the future, we will assume h λ = φ, for each λ ∈ P [0, 1].
Then h is a hesitant fuzzy subalgebra of X if and only if h λ is a subalgebra of X.
In this case, h λ will be called the λ-level subalgebra of X.
Proof. Suppose h is a hesitant fuzzy subalgebra of X and let x, y ∈ h λ , for each
Hence h λ is a subalgebra of X Conversely, suppose h λ is a subalgebra of X, for each λ ∈ P [0, 1] and for any x, y ∈ X, let h(x) ∩ h(y) = µ. Then clearly, x, y ∈ h µ . Thus by the hypothesis,
Hence h is a hesitant fuzzy subalgebra of X.
Proof. Let x, y ∈ X. Then by Definition 4.1 and Proposition 4.6,
Theorem 4.8. Let h be a hesitant fuzzy subalgebra of X. Then
Conversely, suppose h(x) = h(0)), for each x ∈ X. Let x, y ∈ X. Then by the hypothesis and Proposition 4.6,
Proposition 4.9. Let h be a hesitant fuzzy subalgebra of X and let λ ∈ P [0, 1] such that h λ = φ. We define a mapping h * : X → P [0, 1] as follows: for each x ∈ X,
Then h * is a hesitant fuzzy subalgebra of X. 8
Proof. It is clear that h * is a hesitant fuzzy set in X from the definition of h * . From Theorem 4.5, it is obvious that h λ is a subalgebra of X, for each λ ∈ P [0, 1] with h λ = φ. Let x, y ∈ X.
Suppose x, y ∈ h λ . Then clearly, x * y ∈ h λ . Thus
Hence h * is a hesitant fuzzy subalgebra of X.
Let A be a nonempty subset of a set X, let λ, µ ∈ P [0, 1] be fixed such that λ µ and let h A , [h A ] (λ,µ) : X → P [0, 1] be two mappings defined as follows, respectively: for each x ∈ X,
otherwise. Then clearly, h A and [h A ] (λ,µ) are hesitant fuzzy sets in X. In particular, h {0} is a special hesitant fuzzy point in X.
The followings are immediate results of definitions of h A and [h A ] (λ,µ) .
Theorem 4.10. Let A be a nonempty subset of a BCK-algebra X and let λ, µ ∈ P [0, 1] be fixed such that λ µ. Then the followings are equivalent:
is a hesitant fuzzy subalgebra of X.
Definition 4.11. Let h 0 = I ∈ HS(X). Then I is called a hesitant fuzzy ideal of X, if it satisfies the following conditions:
It is obvious that h 1 is a hesitant fuzzy ideal of X. We will call h 1 is trivial. A hesitant fuzzy ideal I of X is said to be proper, if I = h 1 .
The followings are immediate results of h A and [h
Theorem 4.12. Let A be a subset of a BCK-algebra X such that 0 ∈ A and let λ, µ ∈ P [0, 1] be fixed such that λ µ. Then the followings are equivalent:
Example 4.13.
(1) Let X = {0, a, b} be the BCK-algebra given in Example 4.2 (1). Then we can see easily see that X is an implicative BCK-algebra. Moreover, by Theorem 4.12, Now suppose x * y ∈ I λ and y ∈ I λ . Then clearly, I(x * y) ⊃ λ and I(y) ⊃ λ. Thus by (HF I 2 ), I(x) ⊃ I(x * y) ∩ I(y) ⊃ λ. So x ∈ I λ . Hence I λ is an ideal of X.
Conversely, suppose I λ is an ideal of X, for each λ ∈ P [0, 1] such that I(0) ⊃ λ. For each x ∈ X, let I(x) = µ ⊂ [0, 1]. Then clearly, I(0) ⊃ µ = I(x). Now for any x, y ∈ X, let I(x * y) = λ, I(y) = µ and let δ = λ ∩ µ. Then clearly, x * y ∈ I δ and y ∈ I δ . Thus x ∈ I δ . So I(x) ⊃ δ = λ ∩ µ = I(x * y) ∩ I(y). Hence I is a hesitant fuzzy ideal of X. (∀x λ , y µ ∈ H P (X))(x λ • y µ ∈ I and y µ ∈ I ⇒ x λ∩µ ∈ I).
Proof. Suppose I is a hesitant fuzzy ideal of X and for any x λ , y µ ∈ H P (X), let x λ • y µ ∈ I and y µ ∈ I. Then I(y) ⊃ µ. Since
Thus by the hypothesis,
Hence the condition (4.2) holds. Conversely, suppose the necessary condition (4.2) holds and for any x, y ∈ X, let I(x * y) = δ and I(y) = µ. Then there is λ ∈ P [0, 1] such that x λ • y µ = (x * y) λ∩µ 10 and λ ∩ µ = δ, and y µ ∈ I. Thus (x * y) λ∩µ ∈ I, i.e., x λ • y µ ∈ I. By the condition (4.2),
, it is clear that I(0) ⊃ I(x), for each x ∈ X. Hence I is a hesitant fuzzy ideal of X. Proposition 4.18. Let I be a hesitant fuzzy ideal of X.
(∀x, y ∈ X)((I(x * y) = I(0) ⇒ I(x) ⊃ I(y)).
(1) Let x, y, z ∈ X. Since X is a BCK-algebra, by the axiom (I),
Then by Lemma 4.16, I((x * y) * (x * z)) ⊃ I(z * y). Thus (1) (∀x, y ∈ X)(I(x * y) ⊃ I((x * y) * y)), (2) (∀x, y, z ∈ X)(I((x * z) * (y * z)) ⊃ I((x * y) * z))).
(1)⇒(2): Suppose the condition (1) holds and let x, y, z ∈ X. Since X is a BCK-algebra, by (2.3), (2.4) and the definition of ≤,
i.e., (((x * (y * z)) * z) * z) * ((x * y) * z) = 0. Then by Lemma 4.15,
(2)⇒(1): Suppose the condition (2) holds and let y = z in (2). Then by (III) and (2.1),
This completes the proof.
Proposition 4.20. Every hesitant fuzzy ideal of a BCK-algebra X is a hesitant fuzzy subalgebra of X.
Proof. Let I be a hesitant fuzzy ideal of a BCK-algebra X and let x, y ∈ X. Then clearly, by (2.3) and (V), (x * y) * x = 0. Thus by Lemma 4.16 and (HF I 2 ),
So I is hesitant fuzzy subalgebra of X. So I is not a hesitant fuzzy subalgebra of X.
Proposition 4.23. Let I be a hesitant fuzzy ideal of X. Then I satisfies the following condition:
Proof. Suppose (x * y) * z = 0, for any x, y, z ∈ X. Then by (HF I 2 ) and Proposition 4.6, I(x * y) ⊃ I((x * y) * z) ∩ I(z) = I(0) ∩ I(z) = I(z).
Thus for any x, y, z ∈ X,
So (4.3) holds.
The following give conditions for a hesitant fuzzy set to be a hesitant fuzzy ideal.
Proposition 4.24. Let h 0 = I ∈ HS(X) satisfies the following conditions: (1) I(0) ⊃ I(x), for each x ∈ X, (2) for any x, y, z ∈ X, if (x * y) * z = 0, then I(x) ⊃ I(y) ∩ I(z). Then I is a hesitant fuzzy ideal of X Proof. From (II) and the condition (2), the proof is clear. Proof. Suppose (1) holds and let λ ∈ P [0, 1] such that h λ = φ. Then there is x ∈ X such that h(x) ⊃ λ. Thus h(0) ⊃ h(x) ⊃ λ. So 0 ∈ h λ . Let x, y ∈ X such that x * y ∈ h λ and y ∈ h λ . Then h(x * y) ⊃ λ and h(y) ⊃ λ. Thus by (HF I 2 ),
Hence x ∈ h λ . Therefore h λ is an ideal of X.
Conversely, suppose (2) holds. Then clearly, 0 ∈ h λ . Assume that there is a ∈ X such that h(0) h(a). Then h(0) λ, for λ = h(a) \ h(0). Thus 0 ∈ h λ . This is a contradiction. So h(0) ⊃ h(x), for each x ∈ X.
Now let x, y ∈ X such that h(x * y) = λ 1 ∈ P [0, 1] and h(y) = λ 2 ∈ P [0, 1]. Let λ = λ 1 ∩ λ 2 . Then x * y ∈ h λ and y ∈ h λ . Thus by the hypothesis, x ∈ h λ . So
Hence h is a hesitant fuzzy ideal of X.
Hesitant fuzzy (positive) implicative and commutative ideals
Definition 5.1. Let (X, * , 0) be a BCK-algebra and let h 0 = I ∈ HS(X). Then I is called a hesitant fuzzy positive implicative ideal (in short, HFPII) of X, if it satisfies the following conditions: for any x, y, z ∈ X,
It is obvious that h 1 is a hesitant fuzzy positive implicative ideal of X. We have easily the following results.
Theorem 5.2. Let A be a subset of a BCK-algebra X such that 0 ∈ A and let λ, µ ∈ P [0, 1] be fixed such that λ µ. Then the followings are equivalent:
(1) A is a positive implicative ideal of X, (2) h A is a hesitant fuzzy positive implicative ideal of X, 
Proof. Suppose I is a hesitant fuzzy positive implicative ideal of X and for any x λ , y µ , z ν ∈ H P (X), let (x λ • y µ ) • z ν ∈ I and y µ • z ν ∈ I. Since (x λ • y µ ) • z ν = ((x * y) * z) λ∩µ∩ν and y µ • z ν = (y * z) µ∩ν . Thus I((x * y) * z) ⊃ λ ∩ µ ∩ ν and I(y * z) ⊃ µ ∩ ν. By the hypothesis, I(x * z) ⊃ I((x * y) * z) ∩ I(y * z). So
Conversely, suppose the necessary condition (5.1) and for any x, y, z ∈ X, let I((x * y) * z) = δ, I(y * z) = η. Then there are λ, µ, ν ∈ P [0, 1] 
Since I(0) = [0, 1] , it is obvious that I(0) ⊃ I(x), for each x ∈ X. Hence I is a hesitant fuzzy positive implicative ideal of X. Theorem 5.6. Let X be a BCK-algebra and let h 0 = I ∈ HS(X). Then the followings are equivalent: for any x, y, z ∈ X,
(1) I is a hesitant fuzzy positive implicative ideal of X, (2) I is a hesitant fuzzy ideal of X and I(x * y) ⊃ I((x * y) * y), (3) I is a hesitant fuzzy ideal of X and I((x * z) * (y * z)) ⊃ I((x * y) * z), 
(4)⇒(1): Suppose (4) holds and let x, y ∈ X. Then by the second condition of (4), I(((x * 0) * 0) * y) ⊂ I(0 * x). Thus by (2.1), I(x * y) ⊂ I(x). By the first condition of (4), I(0) ⊃ I(x), for each x ∈ X. So I is a hesitant fuzzy ideal of X.
Now let x, y, z ∈ X. Then
[By Proposition 4.20] Thus I is a hesitant fuzzy positive implicative ideal of X. Proof. Suppose I is a hesitant fuzzy positive implicative ideal of X. Then from the proof of Theorem 4.14, it is clear that 0 ∈ I λ . For any x, y, z ∈ X, suppose (x * y) * z ∈ I λ and y * z ∈ I λ . Then clearly, I((x * y) * z) ⊃ λ and I(y * z) ⊃ λ. Thus by (HF I 3 ), I(x * z) ⊃ I((x * y) * z) ∩ I(x * y) ⊃ λ. So x * z ∈ I λ . Hence I λ is a positive implicative of X.
Conversely, suppose I λ is a positive implicative ideal of X, for each λ ∈ P [0, 1] such that I(0) ⊃ λ. Then from the proof of Theorem 4.14, it is obvious that I(0) ⊃ µ = I(x). For any x, y, z ∈ X, let I((x * y) * z) = λ and I(x * y) = µ, say λ ⊂ µ. Then clearly, (x * y) * z ∈ I µ and x * y ∈ I µ . Thus by the hypothesis, x * z ∈ I µ . So I(x * z) ⊃ µ ⊃ I((x * y) * z) ∩ I(x * y). Hence I is a hesitant fuzzy positive implicative ideal of X.
Definition 5.8. Let (X, * , 0) be a BCK-algebra and let h 0 = I ∈ HS(X). Then I is called a hesitant fuzzy implicative ideal (in short, HFII) of X, if it satisfies the following conditions: for any x, y, z ∈ X,
It is obvious that h
We have easily the following results.
Theorem 5.9. Let A be a subset of a BCK-algebra X such that 0 ∈ A and let λ, µ ∈ P [0, 1] be fixed such that λ µ. Then the followings are equivalent: 
Proof. Suppose I is a hesitant fuzzy implicative ideal of X and for any x λ , y µ ,
Conversely, suppose the necessary condition (5.2) and for any x, y, z ∈ X, let I((x * (y * x)) * z) = δ, I(z) = η. Then there are λ, µ, ν
Since I(0) = [0, 1] , it is obvious that I(0) ⊃ I(x), for each x ∈ X. Hence I is a hesitant fuzzy implicative ideal of X.
Proposition 5.12. Let X be a implicative BCK-algebra. Then every hesitant fuzzy ideal is a hesitant fuzzy implicative ideal.
16
Proof. Let I be a hesitant fuzzy ideal of X and let x, y, z ∈ X. Then
[By (HF I 2 )] Thus I is a hesitant fuzzy implicative ideal. Table 5.3 Consider the mappings I 1 , I 2 : X → P [0, 1] defined by:
Then we can easily see that I 1 is a hesitant fuzzy ideal and I 2 is a hesitant fuzzy positive implicative ideal of X, respectively. But
. Thus I 1 and I 2 are not hesitant fuzzy implicative ideal of X. Furthermore, by Theorem 5.9, we can easily check that h {0,b} and [h {0,b} ] λ , µ) are hesitant fuzzy ideals but not hesitant fuzzy positive implicative ideal of X. ((x * z) * z) * (y * z) ≤ (x * z) * y = (x * y) * z.
Thus by Proposition 5.4 and Corollary 4.17,
Thus I is a hesitant fuzzy ideal, by (HF I 2 ),
By (2.3) and (2.5),
[By (5.5)] Hence I(x * z) ⊃ I((x * y) * z) ∩ I(y * z). Therefore I is a hesitant fuzzy positive implicative ideal of X.
From Example 5.14, we can see that I 2 is a hesitant fuzzy positive implicative ideal of X but not implicative. I(x) ⊃ I(x * (y * x)).
Proof. Suppose I is implicative and let x, y ∈ G. Then
[Since I is a hesitant fuzzy algebra of X] Thus I(x) ⊃ I(x * (y * x)).
Conversely, suppose the necessary condition (5.7) holds and let x, y, z ∈ X. Then I(x) ⊃ I(x * (y * x)) [By the hypothesis] ⊃ I((x * (y * x)) * z) ∩ I(z).
[By (HF I 2 )] Thus I is implicative. This completes the proof. I(x * (x * y)) ⊃ I(y * (y * x)).
Proof. Suppose I is implicative and let x, y ∈ G. Then we can see that the following holds (See the proof of Theorem 4.4 in 75 page of [15] ):
[By Proposition 4.19 and Definition 4.1] = I((x * (y * x)) * (y * (x * (x * y))) [By (HF I 1 )] ⊃ I(y * (y * x)).
[By (5.10)] Thus I(x * (x * y)) ⊃ I(y * (y * x)). 18
Conversely, suppose the necessary condition (5.8) holds and let x, y, z ∈ X. Since I is a hesitant fuzzy ideal of X,
Moreover, from the proof of Theorem 3.4 in 75 page of [15] , we can see the followings hold:
Then by Proposition 5.4 and Corollary 4.17, (5.14) I((y * (y * x)) * (y * x)) ⊃ I(x * (y * x)),
Since I is a hesitant fuzzy positive implicative ideal of X, by Theorem 5.5 (2), (5.16) I(y * (y * x)) ⊃ I((y * (y * x)) * (y * x)).
[By (5.11)] So I is implicative. This completes the proof. Proof. Suppose I is a hesitant fuzzy implicative ideal of X. Then from the proof of Theorem 4.14, it is clear that 0 ∈ I λ . For any x, y, z ∈ X, suppose (x * (y * x)) * z ∈ I λ and z ∈ I λ . Then clearly, I((x * (y * x)) * z) ⊃ λ and I(z) ⊃ λ. Thus by (HF I 4 ), I(x) ⊃ I((x * (y * x)) * z) ∩ I(z) ⊃ λ. So x ∈ I λ . Hence I λ is an implicative ideal of X.
Conversely, suppose I λ is a implicative ideal of X, for each λ ∈ P [0, 1] such that I(0) ⊃ λ. Then from the proof of Theorem 4.14, it is obvious that I(0) ⊃ µ = I(x). For any x, y, z ∈ X, let I((x * (y * x)) * z) = λ and I(z) = µ, say λ ⊂ µ. Then clearly, (x * (y * x)) * z ∈ I µ and z ∈ I µ . Thus by the hypothesis, x ∈ I µ . So I(x) ⊃ µ ⊃ I((x * (y * x)) * z) ∩ I(z). Hence I is a hesitant fuzzy implicative ideal of X.
Definition 5.19. Let (X, * , 0) be a BCK-algebra and let h 0 = I ∈ HS(X). Then I is called a hesitant fuzzy commutative ideal (in short, HFCI) of X, if it satisfies the following conditions: for any x, y, z ∈ X, (HF I 1 ) I(0) ⊃ I(x),
(HF I 5 ) I(x * (y * (y * x))) ⊃ I((x * y) * z) ∩ I(z).
It is obvious that h 1 is always a hesitant fuzzy commutative ideal of X, which will be called the hesitant fuzzy trivial commutative ideal.
We have easily the following result.
Theorem 5.20. Let A be a subset of a BCK-algebra X such that 0 ∈ A and let λ, µ ∈ P [0, 1] be fixed such that λ µ. Then the followings are equivalent:
(1) A is a commutative ideal of X, (2) h A is a hesitant fuzzy commutative ideal of X, Conversely, suppose the condition (5.17) holds and let x, y, z ∈ X. Since I is a hesitant fuzzy ideal of X, Theorem 5.24. Let X be a BCK-algebra and let φ = I ∈ HS(X). Then I is a hesitant fuzzy implicative ideal if and only if it is both commutative and positive implicative.
Proof. Suppose I is a hesitant fuzzy implicative ideal. Then by Proposition 5.15, I is positive implicative. Let x, y, z ∈ X and let u = x * (y * (y * x)). Then from the proof of Theorem 4.4 in 78 page of [15] , we can see the followings hold:
(5.19) (u * (y * u)) ≤ x * y.
Thus by Corollary 4.17,
I(x * (y * (y * x))) ⊃ µ ⊃ I((x * y) * z) ∩ I(z). Hence I is a hesitant fuzzy commutative ideal of X. Proof. Suppose I is a hesitant fuzzy implicative ideal of X and for any x λ , y λ , z λ ∈ [H P (X)] λ , let (x λ • y λ ) • z λ ∈ I and z λ ∈ I. Since
